The traditional (frequentist) t r -chart is a Shewhart-type chart useful for monitoring times between events (interarrival times) following an exponential distribution. This problem often arises in high-yield processes where the defect rate is low and hence the conventional attribute charts such as the c-chart and the u-chart are often ine↵ective. We consider this problem under the Bayesian framework and propose a Bayesian t rchart when the exponential rate parameter is unknown. The Bayesian t r -chart is a Shewhart-type chart that incorporates parameter uncertainty via a prior and a posterior distribution, unlike the traditional t r -chart. The control limits are constructed from the predictive distribution of a plotting statistic. The performance of the proposed chart is evaluated and comparisons are made with the traditional t r -chart. The Bayesian chart is seen to be advantageous in certain situations. An illustrative example is given and a summary and conclusions are o↵ered.
Introduction
W ITH the increased use of modern technologies in various industries, the defect rate (or the failure rate) in many processes has been decreased to such an extent that the conventional attributes charts for count data are found to be ine cient. For instance, in high-yield processes, due to the process improvements made, there may be many zeros plotted on the traditional p-chart and, hence, the chart becomes uninformative or not useful. In such situations, Montgomery (2012) and others have recommended the use of control charts for monitoring the observed times between consecutive failures instead of the observed number of failures. These control charts based on the times between consecutive failDr. Kumar is an Assistant Professor in the Department of Statistics. His email address is nirpeksh@gmail.com. He is the corresponding author.
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ures (interarrival times) are known as times between events (TBE) control charts in the literature. In situations with a low failure rate, a failure can be regarded as a rare event and the occurrence of the event can be modeled by a homogeneous Poisson process with a constant failure rate. Under this assumption, these interarrival times are independent and identically distributed (i.i.d.) exponential random variables with a rate parameter equal to the failure rate of the homogeneous Poisson process. Many TBE control charts (both phase I and phase II charts) have been proposed in the literature: e.g., the exponential chart (Chan et al. (2002) , Jones and Champ (2002) , Xie et al. (2002) , Zhang et al. (2006 Zhang et al. ( , 2011 , Kumar and Chakraborti (2015) ), the cumulative quantity control (Liu et al. (2004 (Liu et al. ( , 2006 , the exponential cumulative sum chart (CUSUM; Lucas (1985) , Vardeman and Ray (1985) , Gan (1994) , Borror et al. (2003) , Zhang et al. (2014) , Qu et al. (2015) ); the exponentially weighted moving average chart (EWMA; Gan (1998) , Ozsan et al. (2010) ), and the t r -chart , Kumar and Chakraborti (2016) ).
posed for the case when the failure rate is known. In practice, this situation occurs rarely and the rate parameter is often unknown. Recently, the issue of parameter estimation and its e↵ects on various control charts have drawn much attention in the SPC literature. The traditional approach of dealing with parameter estimation in SPC has been to use the frequentist approach (cf., Ghosh et al. (1981) , Quesenberry (1993) , Chen (1997) , Saleh et al. (2013) Zhang et al. (2014) , Kumar and Chakraborti (2016) ), where a reference sample is used to estimate the unknown parameter(s) and the control limits. Properties of the estimated control limits (and of the resulting control chart) are then studied in terms of the run-length distribution and associated characteristics such as the average run length.
An alternative to the frequentist (classical) approach is to use a Bayesian approach. Here, the parameter is viewed as "a random variable" and is assumed to follow a prior distribution with certain parameters. There has been some work on control charts using a Bayesian approach. A good introduction to the area is the book by Colosimo and del Castillo (2007) . Bayesian approaches to SPC and control charts have been considered by Tsiamyrtzis and Hawkins (2007) and Nenes and Tagaras (2007) , among others. Woodward and Neylor (1993) developed a Bayesian approach to monitor processes for the production of a small number of items. Arnold (1990) proposed an economic X-chart for the joint control of the means of independent quality characteristics. Other works include Menzefricke (2002) that incorporated the uncertainty in the parameters into the construction of the control chart limits using a prior distribution. He developed control charts for the mean and the proportions based on the predictive distribution of a plotting statistic and evaluated the chart in terms of predictive average and the predictive standard deviation of the run length. Recently, Raubenheimer and Van der Merwe (2014) constructed control charts for nonconformities (cchart) using a Je↵reys prior and evaluated chart performance based on the metrics introduced by Menzefricke (2002) .
In this paper, we consider the important problem of monitoring the interarrival times following an exponential distribution in the unknown rate parameter case. We focus on the Shewhart-type t r -chart for this problem, originally proposed by Xie et al. (2002) . In generalizing their work to the unknown parameter case, Kumar and Chakraborti (2016) studied the e↵ects of parameter estimation on the t r -chart, assuming the availability of a phase I reference sample of size m from an in-control (IC) process. As noted earlier, this is the frequentist approach. In this paper, we consider a Bayesian approach and construct a Shewhart-type t r -chart for the unknown exponential rate parameter. This approach has the intuitive appeal that any available knowledge about the process gained from any past experience can be incorporated into the phase II control charting regime via an assumed prior distribution for the parameter. Control limits can then be constructed based on what is called the predictive distribution of a plotting statistic.
Note that we consider the Shewhart-type t r -charts here for simplicity and the ease of explaining the basic ideas; other, more sophisticated types of charts such as the CUSUM or the EWMA will be considered elsewhere.
The outline of the paper is as follows. The frequentist control limits of the t r -chart, starting with the known parameter case, are discussed in Section 2. Then the control limits for the unknown-parameter case are introduced. Next, following this line of thinking, control limits of the Bayesian t r -chart for the unknown-parameter case are obtained in Section 3. An illustrative example with some real data is given in Section 4. In Section 5, various chart-performance metrics (measures) are introduced to evaluate chart performance, and in Section 6, a simulation study is carried out to examine chart performance, both in the IC and out-of-control (OOC) cases, including comparisons with some existing charts, in terms of these measures. Finally, some concluding remarks are o↵ered in Section 7.
2. Frequentist t r -Chart in the Known-and UnknownParameter Cases Xie et al. (2002) , Cheng and Chen (2011) , and others considered the Shewhart-type t-chart for monitoring high-yield processes based on the interarrival times following an exponential distribution. In order to improve the performance of the t-chart, and Zhang et al. (2007) also considered a generalization, the t r -chart (also known as a gamma chart), which is based on monitoring the time until the rth failure, which uses more information in the decision-making process. Obviously, taking r = 1, we get the t-chart. Let T r denote the time until the rth failure in a homogeneous Poisson process with a failure rate . Thus T r , being the sum of r i.i.d exp( ) In the known-parameter case (hereafter case K), the process is said to be IC when = 0 , where 0 is the given (known) or specified value of the rate parameter. The probability control limits for the case K are given in terms of the percentiles of a chi-square distribution as follows:
where L r and U r are the lower and upper control limits, ↵ 0 denotes the nominal false-alarm rate (FAR), and 2 2r,↵ denotes the 100↵-percentile of the chi-square distribution with 2r degrees of freedom. Note that the constants A 1 = 2 2r,↵0/2 /2 and A 2 = 2 2r,1 ↵0/2 /2 in Equation (1) are the chart design parameters for a specified nominal ↵ 0 (which is equal to the reciprocal of the nominal ARL 0 in case K) value. These constants are provided in Table 1 for ↵ 0 = 0.0027 (or, ARL 0 = 370.4). The center line (CL) of the control chart is taken to be the median of the distribution of T r , given by CL = 2 2r,0.5 /(2 0 ). In practice, however, the IC value of the parameter , i.e., 0 , is often not known, especially in the startup phase of a process. This situation is denoted by case U and in this case one approach is to estimate using a suitable estimator, sayˆ , from a phase I reference sample of size m when the process is IC. Then, usingˆ , the estimated ("plug-in") control limits of the t r -chart in case U are given bŷ
Note that the control limits in Equation (2) are random variables, being functions of the estimator and, hence, the usual control chart performance metrics, e.g., the average run length, the false-alarm rate, etc., are all random variables and have their own probability distribution. The uncertainty in the control limits and, consequently in the performance metrics, is introduced and described by the sampling distribution of the estimatorˆ . For more details, the reader is referred to Kumar and Chakraborti (2016) . We refer to this approach of constructing the control limits as the classical (frequentist) approach. Kumar and Chakraborti (2016) showed that, in case U, using the plug-in limits, that is, replacing the parameters with estimates but using the same A 1 and A 2 values as in case K (see Table 1 ), the frequentist t r -chart leads to AARL in (the expected value of the IC conditional ARL, defined in Section 4) values that are less than the nominal ARL 0 for small to medium reference sample sizes. This means that more frequent false alarms are observed than what is nominally expected, especially when a small number of phase I observations are available. Thus, while the plug-in limits can be used, it is more desirable to design the chart (i.e., find the design parameters A 1 and A 2 ) so that the AARL in of the chart is equal to the nominal ARL 0 for a given phase I sample size m in a specific application. This is generally the notion used in case U, that is, one finds the control limits so that some attribute of the IC run length distribution is controlled, such as the AARL in value being equal to the nominal ARL 0 value.
To this end, we define the modified chart design parameters for the frequentist t r -chart as
where the constant ↵ F (and hence A 
say. Thus, the modified control limits of the frequentist t r -chart in case U, are given bŷ
where A ⇤ 1 and A ⇤ 2 are defined in Equation (3). The values of ↵ F and the modified chart design parameters are presented in Table 2 for di↵erent phase I sample size m and a nominal ARL 0 = 370.4 for the frequentist t r -chart (r = 1, 2, 3). These were obtained by solving Equation (4) in MATLAB R2014a. Other From Tables 1 and 2 , it can be seen that, for m 500, the ↵ F values are closer to 1/ARL 0 = 0.0027 and, hence, the constants A ⇤ 1 and A ⇤ 2 are closer to the values of A 1 and A 2 (constants for case K) and they converge to A 1 and A 2 , respectively, as m ! 1. But for small to moderate values of m, which may be more reasonable to occur in practice, the charting constants A ⇤ 1 and A ⇤ 2 should be used to construct the frequentist t r -charts in case U.
As noted earlier, an alternative approach to monitoring in SPC is to use the Bayesian approach. This involves accommodating the uncertainty in the estimation of , using a prior and a posterior distribution (of ), and constructing the control limits for the t rchart (in case U) using the predictive distribution of the plotting statistic for the future (phase II) sample of observations. This is outlined now.
3. Bayesian t r -Chart in the Unknown-Parameter Case Menzefricke (2002) proposed a method for obtaining the control limits for the normal mean in both the standard deviation known and unknown cases, using a Bayesian approach, based on the predictive distribution of the plotting statistic from a future sample. In this setup, he also sketched a general algorithm for obtaining the control limits based on the predictive density. We follow this approach for the t r -chart by incorporating two sources of information about the parameter : an assumed prior distribution and the information from a phase I reference sample obtained from an IC process.
To fix ideas, let X denote the interarrival time in a homogeneous Poisson process with rate . Suppose that X has a probability density function (pdf) f (x | ). In the Bayesian approach, we assume that we have some prior knowledge or information about , which can be summarized by a prior pdf. In particular, we assume a gamma family of prior distributions for , with shape parameter a and scale parameter b, denoted by (a, b). The gamma distribution is in fact known as the "conjugate" prior for , which is widely used in the Bayesian literature. We further assume that a phase I reference sample x 1 , x 2 , . . . , x m of size m is available after a phase I analysis, from an IC process, with the pdf f (x | ) having exponential distribution exp( ). In this setting, it is well known that the posterior distribution of itself is a gamma distribution with shape parameter (a + m) and scale parameter (b + y), i.e., (a + m, b + y) (see Gelman (2002) , Colosimo and dell Castillo (2007) ). This is one advantage of using a conjugate prior distribution.
Note that the mean of the posterior distribution of is (a + m)/(b + y). When a ! 0 and b ! 0, the limiting prior distribution becomes proportional to 1/ , which corresponds to the Je↵reys prior (which is a noninformative prior as well as an improper prior because the total area under the distribution is not equal to 1). However, this does not a↵ect any of the inferences with respect to the posterior distribution and the predictive density. Note that Je↵reys prior is proportional to p det(I( )), where det(I( )) is the determinant of Fisher's information, which is 1/ 2 in this case. However, interestingly, the posterior mean equals m/y = 1/x, which is the maximum likelihood estimator (MLE) of in the frequentist approach. Henceforth, this limiting prior distribution will be denoted by (0, 0) and will be referred to as the case
The frequentist t r -chart is based on the plotting statistic T r , the waiting time until the rth failure, that is the sum of the r interarrival times in a prospective (or phase II) sample being monitored. The Bayesian t r -chart also uses the same plotting statistic but the control limits are found using the predictive distribution of T r . For a given r and a given observed value of Y = y (obtained from the reference sample), the predictive density function of T r is equal to
where
, the pdf of T r , and p( | y) is (a + m, b + y), the pdf of the posterior distribution of .
The predictive distribution of T r given in Equation (6) is used to calculate the control limits L ⇤ r and U ⇤ r for the proposed Bayesian t r -chart, to monitor the unknown process parameter , in phase II.
Thus, using Equation (6), one can set
↵ B 2 and find the upper and lower (predictive) control limits of a Shewhart-type chart so that the AARL in is equal to some nominal ARL 0 . It is emphasized that basing the control chart on the predictive distribution of T r formally incorporates the knowledge about the parameter through the assumed prior distribution and the available reference sample. Also, as is typically done in the literature, in case U, we find the control limits for a given nominal ARL 0 .
Further, letting
it can be shown that W r follows a beta distribution with parameters (a + m) and r and hence the lower and the upper control limits L ⇤ r and U ⇤ r can be expressed in terms of the percentiles of the more familiar beta distribution with parameters a + m and r, given by
where B c ( 1 , 2 ) denotes the 100c-percentile of a beta distribution with parameters 1 and 2 . The center line of the chart is taken to be the median of the predictive density of T r , i.e., C
Hence the limits in Equation (7) can be written as
where the chart design parameters B 1 and B 2 for the Bayesian t r -chart are given by
and
The constant ↵ B and hence B 1 and B 2 are obtained so that the chart attains the expected value of condi- In Appendix C, it is shown that the various performance metrics depend only on ↵ B and (a + m). Hence, the chart design parameters B 1 and B 2 are the functions of (a + m) for a given nominal ARL 0 . Hence, the chart design parameters B 1 and B 2 in Equation (9) are calculated for a given (a + m) and a nominal ARL 0 . These constants are calculated and given in Table 3 for ARL 0 = 370.4.
It can be observed from Table 3 that the constant ↵ B is a decreasing function of (a + m) for a given ARL 0 and converges to 1/(ARL 0 ) = 0.0027 (the FAR in case K) as (a + m) ! 1. Note that the design parameters B 1 and B 2 are also decreasing functions of (a+m). Table 3 can be useful in implementing the proposed chart in practice.
Thus, operationally, for the proposed Shewharttype Bayesian t r -chart, for a selected value of r and for given values of a, b (specifying the prior distribution) and y (obtained from the phase I sample), one calculates the statistic T r from a phase II sample (that is being monitored) and plots it against the control limits given in Equation (8). If T r plots outside the control limits, the process is OOC and a search for assignable causes gets underway. Otherwise, the process is declared IC and monitoring moves on to the next sample.
To get some further insights, note that, when a ! 1 such that the mean of the prior distribution, a/b tends to some value 0 , it is shown in the Appendix B (Theorem 1) that the predictive density of 2 0 T r converges to the chi-square distribution with 2r degrees of freedom. Also, as a ! 1 (hence, a + m ! 1), the ↵ B converges to 1/ARL 0 and, hence, in this case, the Bayesian control limits converge to the control limits for the case when the rate parameter is known and is equal to 0 (shown in Appendix B) with FAR=1/ARL 0 . Also, it is shown (see Appendix B, Theorem 2) that, as m ! 1, the predictive density of 2 T r converges to the chi-square distribution with 2r degrees of freedom. Because, when m ! 1, the MLEˆ ! , it follows that, as m ! 1, the frequentist t r -chart control limits based on the distribution of 2 T r (shown in Equation (5)) and the Bayesian control limits based on the predictive distribution of T r (shown in Equation (8)) both converge to the control limits in the known parameter case (case K), with FAR=1/ARL 0 . Intuitively, this means that the larger the phase I (reference) sample size, the smaller the di↵erence between the Bayesian and frequentist control limits for .
Example
In order to illustrate the proposed Bayesian t rchart, we consider an example with some real data and contrast the findings with those for the frequentist t r -chart. The data comprises the recorded time intervals (in days) between coal-mining disasters in England, from 15 March, 1851 to 22 March, 1962 and have been used in the literature for illustration of various procedures. The slightly corrected data, consisting of 190 observations, are provided in Jarrett (1979) and are shown in Table 4 for convenience. The underlying distribution of the interarrival times has been tested to follow an exponential distribution and we monitor the unknown rate parameter of this distribution.
A prior distribution is necessary for implementing the Bayesian chart. The choice of a prior distribution is somewhat subjective and has been a matter of debate for a long time (Berger (1985) , Gelman (2002) , Bayarri (2012) ). We illustrate some options here. Recall that, in this paper, we consider the (a, b) family of prior distributions, which is known to be a conjugate family. If the practitioner is confident that the parameter is close to the mean of the prior distribution, namely, a/b, then it is customary that the variance of the prior distribution, a/b 2 , be made small, so that the variance of the posterior distribution of is small (Gelman (2002) , Kass and Wasserman (1996) ). On the other hand, if the practitioner is not very confident that is close to a/b, then a di↵used or a vague prior is preferred by taking the variance a/b 2 to be large. For large values of the prior variance, both a and b tend to zero, in which case, as shown earlier, the posterior mean tends to the MLEˆ and the control limits tend to become close to the control limits for the case of the noninformative prior.
For illustration, first consider r = 1 and the corresponding t 1 -chart. Cowles (2013) describes several ways to choose the parameters of a prior distribution in order to express prior beliefs about an unknown parameter. For example, suppose we use the first three observations of the Jarrett (1979) data to set up a (a, b) prior distribution of . Thus, we set the mean of the prior gamma distribution, a/b to be equal to 0.01064, which is the reciprocal of the average of the first three observations (mean time between failures). Then we consider the next 27 observations as a phase I sample of size m = 27, which is used to summarize the current information about the unknown . The choice of a and b is not unique from the equation a/b = 0.01064, however and so 312  123  186  17  24  218  55  61  644  54  536  2  23  538  91  2  93  78  467  326  145  124  92  187  143  0  59  99  871  1,312  75  12  197  34  16  378  315  326  48  348  364  4  431  101  27  36  59  275  123  745  37  10  16  41  144  15  61  54  456  217  19  216  154  139  45  31  1  217  498  120  156  80  95  42  6  215  13  113  49  275  47  12  25  1  208  11  189  32  131  20  129  33  19  250  29  137  345  388  182  66  1,630  66  78  80  112  4  20  151  255  292  29  232  202  3  43  15  81  361  194  4  217  826  36  324  193  72  286  312  224  368  7  40  110  56  134  96  114  354  566  307  18  12  276  31  420  124  108  307  462  336  1,358  29  16  96  95  50  188  275  228  19  2,366  190  88  70  125  120  233  78  806  329  952  97  225  41  34  203  28  17  517 330 632 here, for the purpose of illustration, we select a and b such that the posterior mean (a + m)/(b + y) lies halfway between the prior mean (0.01064) and the MLE of (ˆ = 0.0082) calculated from the 27 phase I observations. This is done so that the posterior pdf reflects both the data (likelihood) and the prior (see Figure 1 ) distributions more or less equally. It is easy to see that these two choices, i.e., a/b = 0.01064 and (a + m)/(b + y) = 0.00943 with y = 3286, yield, approximately, a = 35 and b = 3295, so that the prior distribution is a (35, 3295) distribution for the parameter . Note that other measures of centrality, such as the median (which is a more reasonable measure of location for a skewed distribution) may be preferred to the mean while finding a and b. However, the standard Bayesian analysis under the squared error loss function yields the mean as the estimator and this is what is used here. Figure 1 shows the graphs of (i) the pdf of the prior distribution of : (35, 3295); (ii) the likelihood function using the 27 observations taken as the phase I reference sample, which yields y = 3286; (iii) the pdf of the corresponding posterior distribution of , which is a (35+27 = 62, 3295+3286 = 6581) distribution; and (iv) the pdf of the predictive distribution of the plotting statistic T 1 . Note that the variance of the posterior distribution is equal to 1.4315 ⇥ 10
2 ), which is smaller than both the prior variance 3.2237 ⇥ 10 6 (= a/b 2 ) and the estimated variance of the MLEˆ , namely, 7.5719 ⇥ 10
The Bayesian t 1 -chart corresponding to the (35, 3295) prior and for a nominal ARL 0 = 370.4 is shown in Figure 2 with the lower and the upper control limits (solid lines; using Equations (8) and (9)) at 0.1583 and 728.4266, respectively. The center line is the median of the predictive density, which is found to be 73.9870. The modified control limits of the fre- quentist t 1 -chart are also shown in the same figure with dotted lines for which the lower and upper control limits are 0.1500 and 815.3023, respectively, for a nominal ARL 0 = 370.4 using Equation (5). It may be noted that using Equation (2) and ↵ 0 = 0.0027, as in Kumar and Chakraborti (2016) , the frequentist control limits were found to be 0.1644 and 804.1755, respectively. Thus, the two sets of frequentist control limits, used in case U, are slightly di↵erent. From If no prior information is available, we may use the noninformative (Je↵reys) prior with a = 0, b = 0, i.e., the (0, 0) prior. The control chart corresponding to this prior is shown in Figure 3 with the lower and upper control limits (solid lines) at 0.1980 and 882.3040, respectively. Observe that, in this case, the Bayesian control limits are wider than those for the frequentist t 1 -chart (dotted lines). This observation is perhaps intuitive and agrees with the results of Menzefricke (2002) and Raubenheimer and van der Merwe (2015) .
Finally, consider r = 2 and the corresponding Bayesian t 2 -chart. Recall that the frequentist t 2 -chart was considered to improve performance over the t 1 -chart , Kumar and Chakraborti (2016) ), as the T 2 -charting statistic is based on the sum of two observations (two consecutive interarrival times) and thus utilizes more information in the decision-making process (than the t 1 -chart). The control limits for the Bayesian t 2 -chart using the (35, 3295) prior are calculated for m = 27 and a nominal ARL 0 = 370.4 using Equation (8). The lower and upper control limits and the center line are 5.9050, 991.8654, and 179.1264, respectively, and are shown in Figure 4 with solid lines. For compar-ison, the control limits for the frequentist t 2 -chart are calculated using Equation (5) to be 5.8768 and 1107.3630, respectively, and are also shown in the Figure 4 with dotted lines. It can be seen that the Bayesian t 2 -chart using the (35, 3295) prior has narrower control limits than the frequentist t 2 -chart, which again means a more sensitive chart. Also, as might be expected, the Bayesian t 2 -chart using the (35, 3295) prior is more sensitive than the Bayesian t 1 -chart using the (35, 3295) prior to possible shifts in the rate parameter. For example, the 61st plotting statistic (the sum of the 121nd and the 122th observations, 644 and 467, respectively) on the chart is outside of the control limits of the Bayesian t 2 -chart using the (35, 3295) prior. However, the Bayesian t 1 -chart using the (35, 3295) prior does not signal on either data point and is thus unable to detect a change in the process at this stage.
Chart-Performance Evaluation
The performance of the proposed Bayesian t rchart is of interest. We examine this aspect in this section and compare it with the performance of the corresponding frequentist t r -chart. Typically, the performance of a control chart is evaluated in terms of the first two moments of the run-length distribution. Note that we developed the control chart using the Bayesian approach in Section 3; however, to evaluate the chart performance, we use the frequentist (sampling theory) approach under various hypothetical situations. To this end, suppose that observations (interarrival times) are taken repeatedly from an exponential pdf f (x | 1 ), where 1 = and is used to denote a possible amount of shift in the unknown rate parameter . If in phase II, = 1, the process is IC, otherwise 6 = 1 and the process is out-of-control (OOC). If > 1, the process deteriorates because the mean time to failure decreases, whereas, for < 1, the process improves as the mean time to failure increases. Clearly, the case > 1 deserves more serious attention in practice.
Recall that the original plotting statistic T r follows a gamma distribution with parameters r and 1 . Hence, the probability of a signal in phase II is given by
This follows from the fact that 2 1 T r follows a chisquare distribution with 2r degrees of freedom and G 2 2r (·) denotes its cumulative distribution function (cdf). Note that the probability of a signal is a conditional probability that depends on nominal ARL 0 , y, a, b, m, and for a given 1 . Hence, for a given 1 , or conditionally on 1 (this is a random variable in the Bayesian setting), the run length variable R, in phase II, follows a geometric distribution with parameter ( 1 ). Thus, again, note that the conditional run length distribution depends on L ⇤ r and U ⇤ r for a given 1 or, in turn, on ARL 0 , y, a, b, m, and for a given . Hence, the first two moments of the conditional run length distribution are
. CARL=1/ ( ) is the expected value of conditional run length distribution and depends on ARL 0 , y, a, b, m, and for a given .
To evaluate the chart performance, Menzefricke (2002) used two metrics, namely, the predictive mean and the predictive standard deviation of the runlength distribution. These are given by
respectively. Note that, in expression (12), the second expectation is over the distribution of random variable conditional run length and the first expectation is taken over the posterior distribution of .
The metrics (11) and (12) are discussed by Menzefricke (2002) when = 1, i.e., for the IC process. Note that these are primarily unconditional performance measures that are obtained by averaging the conditional measures over the posterior distribution of . However, as noted in the recent literature, the conditional measures have some important advantages while developing a better understanding about the performance of the chart in practice. Recently, in the classical setting, Jones and Steiner (2012) proposed a metric that is the standard deviation of the distribution of the conditional ARL (CARL), to examine the variability in the CARL distribution via the sampling distribution of the estimatorˆ . Later, Kumar and Chakraborti (2016) used this metric to better understand the practitioner-to-practitioner variability in the CARL distribution, which varies for each reference sample taken from an IC process. In the Bayesian setting, we may also use the aforementioned concept to study the variability in CARL distribution via the posterior distribution of .
As noted earlier, the posterior distribution incorporates both the prior information and the information supplied by the phase I sample. Thus, in the Bayesian context, the standard deviation of the CARL reflects both the uncertainty in and the phase I reference data at hand (which varies from practitioner to practitioner). Hence, the study of the variability in the CARL distribution, in addition to just the mean, is important. Of course, lower variability is more desirable. Accordingly, we define the following two measures, which are the expected value and the standard deviation of the distribution of the CARL, respectively. Thus,
Note that the AARL is the predictive mean proposed by Menzefricke (2002) . However, the predictive standard deviation in Equation (12) reflects the variability in the conditional run-length distribution, whereas the metric in Equation (13) reflects the variability in conditional average run length distribution. Note that, for the IC case, these measures can all be calculated by letting = 1 and the corresponding values are denoted by AARL in and SD CARL:in , respectively.
Next, we examine the performance of the Bayesian t r -chart.
Performance Results and Discussion
In this section, we first examine the IC performance of the proposed Bayesian t r -chart and compare it with the frequentist t r -chart for the unknown parameter case. Then we compare the OOC performance of both the charts for di↵erent size shifts in the rate parameter .
In-Control Chart-Performance Evaluation
It is shown in Appendix C that the performance metrics in Equations (11)- (13) do not depend on , the su cient statistic Y (obtained from the reference sample of size m) and b, the scale parameter of the gamma prior distribution but only on the nominal ARL 0 , , and the sum (a+m). Note that the value of needs to be specified to indicate whether or not the process is IC ( = 1) and, if not, the amount of the shift in the parameter ( 6 = 1). First, we consider the case of the noninformative prior (a = 0, b = 0) in the context of the performance of the Bayesian t rchart. To this end, the values of the AARL in and the SD CARL:in are calculated and reported, in Table 5 , in bold letters corresponding to = 1, for di↵erent values of m for the t r -chart, for r = 1, 2, and 3, and for a nominal ARL 0 = 370.4. The last block of rows (denoted m ! 1) in Table 5 , for each r, displays the values of the metrics when the process parameter is known. All calculations are done in MATLAB R2014a.
Because both charts are designed for the same nominal ARL 0 value of 370.4 for each m, the discussion is focused on the examination of the metric SD CARL:in . As we discussed earlier, the SD CARL:in reflects the variability in the CARL when the process is IC and, hence, it is desirable that it be low so that the chart could be more predictable for a practitioner. It can be observed from Table 5 that both the charts have quite large SD CARL:in values for smaller values of m but these converge to zero as m increases. It is worth noting here that, for smaller values of m, the Bayesian t r -chart has much smaller SD CARL:in values than the frequentist t r -chart, which implies that, for smaller values of m (which is practically important, even more so for the TBE control chart), the Bayesian t r -chart gives more confidence to the practitioners in their AARL in values than the frequentist t r -chart. For example, for m = 20, the SD CARL:in value is 112.9 for the Bayesian t 1 -chart, whereas it is 170.3 for the frequentist t 1 -chart. Also, it is seen that, as r increases, the SD CARL:in values increase for both charts but the Bayesian charts again have smaller SD CARL:in values. However, these values for the Bayesian t r -chart become closer to each other for m > 100. This implies that, for m > 100, the Bayesian t r -charts for each r provide similar IC performance.
An important issue related to the implementation of a control chart in case U is the size of the reference sample m. Clearly, large values of m are preferred (so, e.g.,, the SD CARL:in values would be small) but one must consider practical constraints. Zhang et al (2014) recommended that the SD CARL:in values be below 10% of the ARL 0 values in the known param- eter case (i.e., 370.4) in the classical setting. It is observed that the SD CARL:in values of the Bayesiant r -chart lies in incorporating any prior information from the past experience, along with the information from the available phase I sample, to improve process monitoring. We provide some observations to this end. Note that, as mentioned at the beginning of Section 6.1 and shown in the Appendix, the performance metrics of the proposed Bayesian t r -chart depend on (a + m) and thus the values of these metrics shown in Table 5 may be interpreted as the metrics corresponding to some informative priors. For example, the performance of the Bayesian t r -chart for the informative (5, 95) prior, with m = 95, would be the same as that of the Bayesian t r -chart for a (0, 0) prior (noninformative prior) with m = 100, because (a + m) equals 100. In fact, each Bayesian t r -chart having the same value of (a + m) would have the same performance, regardless of the value of a.
One consequence of this equivalence is that, if a practitioner has some prior knowledge/information, the required number of phase I observations m may be reduced to get good chart performance. Intuitively, this means that the more information one has on the prior distribution, fewer phase I observations will be needed in order to get a similar chart performance compared with when there is no such information. For example, for the noninformative prior (a = 0, b = 0) and m = 20 (i.e., a + m = 20), the SD CARL:in for the t 3 -chart is 134.4 whereas, for a = 80 and m = 20 (a + m = 100), the SD CARL:in value is 82.5.
It can also be observed from Table 5 that the performance of the Bayesian t r -chart is sensitive to the shape parameter a of the prior distribution for a fixed phase I sample size. The stronger the belief of a practitioner about his prior, the larger is the value of a, implying better performance of the chart. It shows that incorporating more knowledge, the Bayesian t rchart gives more predictable AARL in values for a fixed number of phase I observations. However, in practice, the practitioners might find themselves unable to specify the prior accurately and hence a weakly informative prior may be preferred where the parameters a and b are chosen such that the variance of the prior distribution is larger compared to the mean, in order to reflect the uncertainty around the prior belief about the mean a/b. Hence, in the case of a weakly informative prior, when the value of a is chosen to be too small, the performance of the chart is very close to the case of a noninformative prior.
Performance Comparison with the Frequentist t r -Chart
It is of interest to examine the performance of the proposed Bayesian t r -chart and we do that in this section. We first consider the case of the noninformative prior. Then we discuss the case when the practitioner has some prior information about the rate parameter so that a (di↵erent; informative) prior distribution can be used. Table 5 shows the results for both the AARL in , AARL OOC (denoting the AARL value when the process is OOC), and the SD CARL:in , SD CARL:ooc (denoting the SD CARL value when the process is OOC) values for the Bayesian t r -chart (r = 1, 2, 3) using the noninformative prior and the frequentist t r -chart, which are both designed so that each chart has the AARL in value equal to the nominal ARL 0 = 370.4. We consider three di↵erent values of m (20, 100, 500) and assume that the rate parameter shifts, both high and low, according to ( = 5, 4, 3, 2, 1, 0.8, 0.6, 0.4, 0.2). As noted before, the values in the last block for m = 1 for each chart are the corresponding values in case K. It should be noted that, for these cases, the SD CARL values are equal to zero because the CARL values all converge to the corresponding values in case K, which is a constant, and hence there is no variation in the CARL distribution.
According to the results shown in Table 5 , the OOC performance of both the frequentist and the Bayesian charts are highly a↵ected by the estimation error, which is introduced through the posterior distribution of in the case of the Bayesian t r -chart and through the sampling distribution of in case of the frequentist t r -chart. For example, for m = 20 and = 2, the AARL OOC values of the Bayesian t 1 -, t 2 -, and t 3 -charts are 307.4, 174.5, and 111.5, respectively, whereas for the frequentist t 1 -, t 2 -, and t 3 -charts, the corresponding AARL OOC values are 427.1, 269.4, and 185.6, respectively. On the other hand, for case K, the OOC ARL values for these charts when = 2 are 370. 4, 191.8, and 108 .2, respectively, so estimation does cause a delay in detection but the Bayesian charts have relatively better performance. For small values of m, the Bayesian t rchart (for r = 1, 2, 3) with a noninformative prior has much smaller AARL OOC and SD CARL:ooc values than the corresponding values of the frequentist t r -chart for > 1 (when the rate increases, so that the mean time between events decreases), i.e., the process deteriorates, which is the more serious and important case). For example, for m = 20, the AARL OOC is equal to 307.4 with SD CARL:ooc equal to 65.8 for the Bayesian t 1 -chart using the noninformative prior when = 2, whereas the corresponding values for the frequentist t 1 -chart are 427.1 and 82.5, respectively. This implies that the Bayesian t 1 -chart using a noninformative prior is more sensitive to the shift in the rate parameter when the process deteriorates than the corresponding frequentist t r -chart. Even with the noninformative prior, the Bayesian t r -chart has better performance (in terms of AARL ooc ) than the case K itself when the process deteriorates. For large m 500, the AARL OOC and SD CARL:ooc values for both Bayesian (with noninformative prior) and frequentist t r -charts converge to the corresponding values in case K, still the Bayesian t r -chart outperforms the frequentist t r -chart when the process deteriorates. On the other hand, when the process improves, < 1 (which is the less serious case), the Bayesian t r -chart using a noninformative prior has higher AARL OOC and SD CARL:ooc values than the frequentist t r -chart for smaller values of m  500. However, both charts have similar performance in terms of AARL OOC and SD CARL:ooc values for m > 500 and < 1.
In general, the AARL and the SD CARL evaluations for the Bayesian chart using the noninformative prior and the frequentist t r -charts reveal that the performances of both charts are seriously a↵ected in case U, especially when the phase I sample size is small. However, the Bayesian t r -chart using the noninformative prior is preferable for two reasons: first, when the process deteriorates, the Bayesian t r -chart gives alarms more quickly (smaller AARL OOC values) than the frequentist t r -chart (even more quickly in case K) for all values of m; second, the Bayesian t r -chart has more predictable (less variable; smaller SD CARL:in values) in-control performance than the frequentist t r -chart. Furthermore, note that, for smaller values of m (< 100), the Bayesian t r -chart using the noninformative prior has higher SD CARL:in values with higher values of r; however, when m > 100, the SD CARL:in values become close to each other for each Bayesian t r -chart (r = 1, 2, 3). For example, when m = 100, the SD CARL:in values are 83.4, 82.5, 82.5 for the Bayesian t 1 -, t 2 -, and t 3 -charts using noninformative priors, respectively. Hence, to improve the performance of the chart, the Bayesian t r -chart using noninformative prior with higher values of r are recommended.
Note that we have compared the performance of the frequentist t r -chart and the Bayesian t r -chart using the noninformative prior in detail. Based on these findings, a few conclusions can be drawn in the informative prior case, which might require a more in-depth analysis to be taken up in a future work. As mentioned before, in Table 5 , the values corresponding to m = 20, 100, 500 for the Bayesian t r -chart are actually the values corresponding to (a + m) = 20, 100, and 500 when a = 0. For example, suppose one has a = 80 and m = 20, then the values for the Bayesian t r -chart corresponding to m = 100 in Table 5 are comparable with the values of the frequentist t r -chart corresponding to m = 20. Clearly, in case with available information about the parameter (a > 0), the Bayesian t r -charts become better than the frequentist t r -charts in terms of lower SD CARL:in values and even perform better with respect to AARL OOC values. For example, when a = 80 and m = 20, the Bayesian t 1 -chart has lower AARL OOC and SD CARL:in values than the frequentist t 1 -chart with m = 20 for all sizes of shift 6 = 1; also, the Bayesian t 1 -chart has better predictable IC performance than the frequentist t 1 -chart. It is also observed from Table 5 that, similar to IC chart performance, the OOC performance of the Bayesian t rchart is sensitive to the values of a and tends to the chart performance in case K. The AARL values become stabilized for (a + m) > 500, which shows that, for small phase I sample size, a large value of a (so that sum (a + m) is approximately 500) is required to get a better performance close to the performance in Case K.
Performance Comparison with the Exponential CUSUM
So far, we have made comparisons between the Bayesian and the frequentist t r -charts. There are other charts in the literature for monitoring the times between events with their pros and cons. Among them, the exponential CUSUM and the exponential EWMA charts are popular in practice for detecting smaller shifts. A separate and detailed study is necessary for a more complete comparison of the various TBE control charts in the unknown-parameter case. This is a topic for future research. Here, in order to provide some insight into the discussion and further highlight the e↵ectiveness of the proposed Bayesian t r -chart, we provide, in Table 6 , a comparison between the Bayesian t r -charts and the two-sided exponential CUSUM chart for monitoring times between events following the exponential distribution (Lucas (1985) , Liu et al. (2006) ). The exponential CUSUM chart is designed to be optimal for detecting the shifts 10/3 and 1/3 times the IC parameter value respectively. These shifts for optimal design are also used by Liu et al (2006) . The lower control limit H L and upper control limits H U are determined so that the exponential CUSUM chart attains the AARL in equal to the nominal ARL 0 (370.4). The values of H L and H U for m = 30, 100, and 500 are provided in Table 6 . To compute the AARL and SD CARL values for the two-sided exponential CUSUM chart, we followed Ozsan et al. (2010) , by using Simpson's quadrature in MATLAB R2014a. Note that Zhang et al. (2014) also considered the exponential CUSUM chart but in the one-sided case.
We also calculated the AARL and SD CARL values for the t 4 -chart. Table 6 reveals that, for the noninformative prior (when a = 0), the Bayesian t rchart may be more attractive to the practitioner because lower SD CARL:in values are found for smaller values of m  100. For example, when the phase I sample size is 30, the SD CARL:in value for exponential CUSUM chart is 166.7, whereas these are 108. 8, 107.3, 116.3, and 130 .0, respectively, for the t 1 , t 2 , t 3 , and t 4 Bayesian charts, respectively. For the smaller values of m  30, the exponential CUSUM chart outperforms only for smaller shift sizes (0.8 < < 3) but, of course, the exponential CUSUM charts are designed to be more sensitive to the smaller shifts. However, interestingly, for larger values of m 100, the t 4 -chart outperforms the exponential CUSUM chart for almost all values of , except for smaller shifts 1 <  3. On the other hand, when the prior in-formation about is available, the Bayesian t r -chart performs better than the exponential CUSUM chart as a increases. For large values of a, the Bayesian t 3 -and t 4 -charts become comparable with the exponential CUSUM chart except for 1 <  2. However, note that, even though the exponential CUSUM charts are appealing in some cases, it can be quite complicated to implement in practice in terms of design (Liu et al. (2006) ) relative to a Shewhart chart.
Summary and Conclusions
In this paper, we consider a Bayesian approach to construct the control limits of a Shewhart-type phase II t r -chart for monitoring the times between events following an exponential distribution with an unknown rate parameter. The uncertainty in the unknown parameter is incorporated in the construction of the control limits by using a gamma prior distribution and utilizing the data from a fixed reference sample. The proposed control limits are probability limits based on the predictive distribution of a plotting statistic calculated from the phase II (test) sample of observations that is being monitored. The plotting statistic is taken to be the same as the one used in the frequentist case.
For the designed Bayesian t r -chart to have the AARL in value equal to the nominal ARL 0 , it was observed that, in the case of the noninformative prior, the number of phase I observations required to have a reliable in-control chart performance was about 800. On the other hand, if one has prior information about the unknown rate parameter, this can be incorporated along with the information available from phase I observations in the Bayesian paradigm. In this case, it has been shown that the performance of the proposed Bayesian t r -chart improves if a more informative (less variable) prior is used. When more prior information is available, which corresponds to taking a larger value of the shape parameter in the prior distribution, the SD CARL:in values decrease so that the practitioners have more confidence in the AARL in values. In this case, one also requires a smaller number of phase I observations (compared with the case of a noninformative prior) to get the same level of desired IC performance.
It was also observed that, for larger amounts of phase I data (sample size), the Bayesian control limits converge to the control limits in the knownparameter case irrespective of the type of the gamma prior distribution used and the di↵erence between the performances of the Bayesian and the frequentist t r -charts becomes insignificant. This is reassuring for the practitioner. Furthermore, based on the performance comparison study between the Bayesian and frequentist t r -chart, it was found that the Bayesian t r -chart provides much better performance than the frequentist t r -chart in the more serious case of a process deterioration, especially for a smaller phase I sample size, even though it has slightly higher AARL OOC values in the less serious case when the process improves. The Bayesian t r -chart is recommended, even when one has no prior information about the rate parameter, over the frequentist t rchart when the rate parameter is unknown, especially when a relatively smaller number of phase I observations is available. Our study also reveals that, for smaller phase I sample sizes (less than 100), the Bayesian t r -charts have lower SD CARL:in values than the exponential CUSUM chart available in the literature and, hence, gives the users more confidence in their AARL in values. Thus, the Bayesian t r -charts may be preferred as they are easy to design and implement. On the other hand, the exponential CUSUM chart is more e cient especially for detecting smaller shifts; however, the performance of the Bayesian t 4 -chart is comparable.
Finally, several problem areas can be explored in the future as follow-ups to this work. For example, in this paper, we considered the conjugate prior due to the ease in computations; however, other nonconjugate priors can be examined and studied. Also, the Shewhart chart is used for simplicity and overall performance, but consideration of other types of time-based charts for monitoring of interarrival times, such as the CUSUM and the EWMA, in the Bayesian framework, will be interesting and worth pursuing. A more comprehensive performance comparison of TBE charts, including self-starting charts, such as the Q charts (Quesenberry (1997) ), will also be worthwhile.
Appendix A
Using Equation (5), the conditional probability of a signal for the frequentist t r -chart in phase II (Kumar and Chakraborti (2016) ) is given by Because y = P m i=1 x i is the sum of the m phase I observations, it follows the (m, ) distribution, which implies that W = 2m /ˆ = 2 y follows a chi-square distribution with 2m degrees of freedom. Thus, the conditional probability of a signal is a function of a chi-square random variable and hence itself is a random variable. Further, when = 1, the process is IC and the conditional probability of a signal is the conditional false alarm rate, CFAR. Following the line of arguments in Section 5, we can define the metrics AARL and SD CARL for the frequentist t r -chart as follows:
where h(w) is the density function of a chi-square distribution with 2m degrees of freedom. It can be easily shown that these metrics do not depend on but depend only on m, , and nominal ARL 0 .
